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1. Introduction
If f : I → R is a convex function on the interval I, then for any a, b ∈ I with a = b we have the
following double inequality
f
(
a + b
2
)
 1
b − a
∫ b
a
f (t) dt  f (a) + f (b)
2
. (HH)
This remarkable result is well known in the literature as the Hermite–Hadamard inequality [17].
For various generalizations, extensions, reverses and related inequalities, see [1,2,9,11,13–15,17]
the monograph [8] and the references therein.
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Let A be a selfadjoint linear operator on a complex Hilbert space (H; 〈·, ·〉) . The Gelfand map estab-
lishes a ∗-isometrically isomorphism  between the set C (Sp (A)) of all continuous functions defined
on the spectrum of A, denoted Sp (A) , and the C∗-algebra C∗ (A) generated by A and the identity
operator 1H on H as follows (see for instance [10, p. 3]):
For any f , g ∈ C (Sp (A)) and any α, β ∈ Cwe have
(i) (αf + βg) = α (f ) + β (g) ;
(ii) (fg) = (f ) (g) and 
(
f¯
)
= (f )∗ ;
(iii) ‖(f )‖ = ‖f‖ := supt∈Sp(A) |f (t)| ;
(iv) (f0) = 1H and (f1) = A, where f0 (t) = 1 and f1 (t) = t, for t ∈ Sp (A) .
With this notation we define
f (A) := (f ) for all f ∈ C (Sp (A))
and we call it the continuous functional calculus for a selfadjoint operator A.
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A), then f (t)  0 for
any t ∈ Sp (A) implies that f (A)  0, i.e. f (A) is a positive operator on H. Moreover, if both f and g
are real valued functions on Sp (A) then the following important property holds:
f (t)  g (t) for any t ∈ Sp (A) implies that f (A)  g (A) (P)
in the operator order of B (H) .
Jensen’s inequality for convex functions is one of themost important result in the Theory of Inequal-
ities due to the fact that many other famous inequalities are particular cases of this for appropriate
choices of the function involved, see for instance [20].
The following result that provides an operator version for the Jensen inequality for convex functions
is due to Mond and Pecˇaric´ [21] (see also [10, p. 5]):
Theorem 1 [21]. Let A be a selfadjoint operator on the Hilbert space H and assume that Sp (A) ⊆ [m,M]
for some scalars m,M with m < M. If f is a convex function on [m,M] , then
f (〈Ax, x〉)  〈f (A) x, x〉 (MP)
for each x ∈ H with ‖x‖ = 1.
The following reverse for the Mond–Pecˇaric´ inequality that generalizes the scalar Lah–Ribaric´ in-
equality for convex functions is well known, see for instance [10, p. 57]:
Theorem 2. Let A be a selfadjoint operator on the Hilbert space H and assume that Sp (A) ⊆ [m,M] for
some scalars m,M with m < M. If f is a convex function on [m,M] , then
〈f (A) x, x〉  M − 〈Ax, x〉
M − m · f (m) +
〈Ax, x〉 − m
M − m · f (M) (1.1)
for each x ∈ H with ‖x‖ = 1.
For a recent monograph devoted to various inequalities for functions of selfadjoint operators, see
[10] and the references therein. For other results, see [23,16,22,19]. For recent results, see [6,7].
The main aim of the present paper is to establish some Hermite–Hadamard’s type inequalities
for convex functions. Applications in relation with the celebrated Hölder–McCarthy’s inequality for
positive operators and Ky Fan’s inequality for real numbers are given as well.
2. Some inequalities for convex functions
The following inequality related to the Mond–Pecˇaric´ result also holds:
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Theorem 3. Let A be a selfadjoint operator on the Hilbert space H and assume that Sp (A) ⊆ [m,M] for
some scalars m,M with m < M.
If f is a convex function on [m,M] , then
f (m) + f (M)
2

〈
f (A) + f ((m + M) 1H − A)
2
x, x
〉
 f (〈Ax, x〉) + f (m + M − 〈Ax, x〉)
2
 f
(
m + M
2
)
(2.1)
for each x ∈ H with ‖x‖ = 1.
In addition, if x ∈ H with ‖x‖ = 1 and 〈Ax, x〉 = m+M
2
, then also
f (〈Ax, x〉) + f (m + M − 〈Ax, x〉)
2
 1
m + M − 2 〈Ax, x〉
∫ m+M−〈Ax,x〉
〈Ax,x〉
f (u) du
 f
(
m + M
2
)
. (2.2)
Proof. Since f is convex on [m,M] then for each u ∈ [m,M] we have the inequalities
M − u
M − mf (m) +
u − m
M − mf (M)  f
(
M − u
M − mm +
u − m
M − mM
)
= f (u) (2.3)
and
M − u
M − mf (M) +
u − m
M − mf (m)  f
(
M − u
M − mM +
u − m
M − mm
)
= f (M + m − u) . (2.4)
If we add these two inequalities we get
f (m) + f (M)  f (u) + f (M + m − u)
for any u ∈ [m,M] ,which, by the property (P) applied for the operator A, produces the first inequality
in (2.1).
By the Mond–Pecˇaric´ inequality (MP) we have
〈f ((m + M) 1H − A) x, x〉  f (m + M − 〈Ax, x〉) ,
which together with (MP) produces the second inequality in (2.1).
The third part follows by the convexity of f .
In order to prove (2.2), we use the Hermite–Hadamard inequality for the convex functions f and
the choices a = 〈Ax, x〉 and b = m + M − 〈Ax, x〉 .
The proof is complete. 
Remark 1. Weobserve that, from the inequality (2.1) we have the following inequality in the operator
order of B (H)[
f (m) + f (M)
2
]
1H 
f (A) + f ((m + M) 1H − A)
2
 f
(
m + M
2
)
1H, (2.5)
where f is a convex function on [m,M] and A a selfadjoint operator on the Hilbert space H with
Sp (A) ⊆ [m,M] for some scalarsm,M withm < M.
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The case of log-convex functions may be of interest for applications and therefore is stated in:
Corollary 1. If g is a log-convex function on [m,M] , then√
g (m) g (M) exp
〈
ln [g (A) g ((m + M) 1H − A)]1/2 x, x
〉

√
g (〈Ax, x〉) g (m + M − 〈Ax, x〉)  g
(
m + M
2
)
(2.6)
for each x ∈ H with ‖x‖ = 1.
In addition, if x ∈ H with ‖x‖ = 1 and 〈Ax, x〉 = m+M
2
, then also
√
g (〈Ax, x〉) g (m + M − 〈Ax, x〉) exp
[
1
m + M − 2 〈Ax, x〉
∫ m+M−〈Ax,x〉
〈Ax,x〉
ln g (u) du
]
 g
(
m + M
2
)
. (2.7)
The following result also holds
Theorem 4. Let A and B selfadjoint operators on the Hilbert space H and assume that Sp (A) , Sp (B) ⊆
[m,M] for some scalars m,M with m < M.
If f is a convex function on [m,M] , then
f
(〈
A + B
2
x, x
〉)
 1
2
[f ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉) + f (t 〈Ax, x〉 + (1 − t) 〈Bx, x〉)]

〈
1
2
[f ((1 − t) A + tB) + f (tA + (1 − t) B)] x, x
〉

M −
〈
A+B
2
x, x
〉
M − m f (m) +
〈
A+B
2
x, x
〉
− m
M − m f (M) (2.8)
for any t ∈ [0, 1] and each x ∈ H with ‖x‖ = 1.
Moreover, we have the Hermite–Hadamard’s type inequalities:
f
(〈
A + B
2
x, x
〉)

∫ 1
0
f ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉) dt

〈[∫ 1
0
f ((1 − t) A + tB) dt
]
x, x
〉

M −
〈
A+B
2
x, x
〉
M − m f (m) +
〈
A+B
2
x, x
〉
− m
M − m f (M) (2.9)
each x ∈ H with ‖x‖ = 1.
In addition, if we assume that B − A is a positive definite operator, then
f
(〈
A + B
2
x, x
〉)
〈(B − A) x, x〉

∫ 〈Bx,x〉
〈Ax,x〉
f (u) du  〈(B − A) x, x〉
〈[∫ 1
0
f ((1 − t) A + tB) dt
]
x, x
〉
 〈(B − A) x, x〉
⎡
⎣M −
〈
A+B
2
x, x
〉
M − m f (m) +
〈
A+B
2
x, x
〉
− m
M − m f (M)
⎤
⎦ . (2.10)
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Proof. It is obvious that for any t ∈ [0, 1]we have Sp ((1 − t) A + tB) , Sp (tA + (1 − t) B) ⊆ [m,M] .
On making use of the Mond–Pecˇaric´ inequality (MP) we have
f ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉)  〈f ((1 − t) A + tB) x, x〉 (2.11)
and
f (t 〈Ax, x〉 + (1 − t) 〈Bx, x〉)  〈f (tA + (1 − t) B) x, x〉 (2.12)
for any t ∈ [0, 1] and each x ∈ H with ‖x‖ = 1.
Adding (2.11) with (2.12) and utilising the convexity of f we deduce the first two inequalities in
(2.8).
By the inequality (1.1) we also have
〈f ((1 − t) A + tB) x, x〉 M − (1 − t) 〈Ax, x〉 − t 〈Bx, x〉
M − m · f (m)
+ (1 − t) 〈Ax, x〉 + t 〈Bx, x〉 − m
M − m · f (M) (2.13)
and
〈f (tA + (1 − t) B) x, x〉 M − t 〈Ax, x〉 − (1 − t) 〈Bx, x〉
M − m · f (m)
+ t 〈Ax, x〉 + (1 − t) 〈Bx, x〉 − m
M − m · f (M) (2.14)
for any t ∈ [0, 1] and each x ∈ H with ‖x‖ = 1.
Now, if we add the inequalities (2.13) with (2.14) and divide by two, we deduce the last part in (2.8).
Integrating the inequality over t ∈ [0, 1], utilising the continuity property of the inner product and
the properties of the integral of operator-valued functions we have
f
(〈
A + B
2
x, x
〉)
 1
2
[∫ 1
0
f ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉) dt +
∫ 1
0
f (t 〈Ax, x〉 + (1 − t) 〈Bx, x〉) dt
]

〈
1
2
[∫ 1
0
f ((1 − t) A + tB) dt +
∫ 1
0
f (tA + (1 − t) B) dt
]
x, x
〉

M −
〈
A+B
2
x, x
〉
M − m f (m) +
〈
A+B
2
x, x
〉
− m
M − m f (M) . (2.15)
Since ∫ 1
0
f ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉) dt =
∫ 1
0
f (t 〈Ax, x〉 + (1 − t) 〈Bx, x〉) dt
and ∫ 1
0
f ((1 − t) A + tB) dt =
∫ 1
0
f (tA + (1 − t) B) dt
then, by (2.15), we deduce the inequality (2.9).
The inequality (2.10) follows from (2.9) by observing that for 〈Bx, x〉 > 〈Ax, x〉 we have∫ 1
0
f ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉) dt = 1〈Bx, x〉 − 〈Ax, x〉
∫ 〈Bx,x〉
〈Ax,x〉
f (u) du
for each x ∈ H with ‖x‖ = 1. 
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Remark 2. We observe that, from the inequalities (2.8) and (2.9) we have the following inequalities
in the operator order of B (H)
1
2
[f ((1 − t) A + tB) + f (tA + (1 − t) B)]  f (m) M1H −
A+B
2
M − m + f (M)
A+B
2
− m1H
M − m , (2.16)
where f is a convex function on [m,M] and A, B are selfadjoint operator on the Hilbert space H with
Sp (A) , Sp (B) ⊆ [m,M] for some scalarsm,M withm < M.
The case of log-convex functions is as follows:
Corollary 2. If g is a log-convex function on [m,M] , then
g
(〈
A + B
2
x, x
〉)

√
g ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉) g (t 〈Ax, x〉 + (1 − t) 〈Bx, x〉)
 exp
〈
1
2
[ln g ((1 − t) A + tB) + ln g (tA + (1 − t) B)] x, x
〉
 g (m)
M−〈 A+B2 x,x〉
M−m g (M)
〈 A+B2 x,x〉−m
M−m (2.17)
for any t ∈ [0, 1] and each x ∈ H with ‖x‖ = 1.
Moreover, we have the Hermite–Hadamard’s type inequalities:
g
(〈
A + B
2
x, x
〉)
 exp
[∫ 1
0
ln g ((1 − t) 〈Ax, x〉 + t 〈Bx, x〉) dt
]
 exp
〈[∫ 1
0
ln g ((1 − t) A + tB) dt
]
x, x
〉
 g (m)
M−〈 A+B2 x,x〉
M−m g (M)
〈 A+B2 x,x〉−m
M−m (2.18)
for each x ∈ H with ‖x‖ = 1.
In addition, if we assume that B − A is a positive definite operator, then
g
(〈
A + B
2
x, x
〉)〈(B−A)x,x〉
 exp
[∫ 〈Bx,x〉
〈Ax,x〉
ln g (u) du
]
 exp
[
〈(B − A) x, x〉
〈[∫ 1
0
ln g ((1 − t) A + tB) dt
]
x, x
〉]

[
g (m)
M−〈 A+B2 x,x〉
M−m g (M)
〈 A+B2 x,x〉−m
M−m
]〈(B−A)x,x〉
(2.19)
for each x ∈ H with ‖x‖ = 1.
From a different perspective we have the following result as well:
Theorem 5. Let A and B selfadjoint operators on the Hilbert space H and assume that Sp (A) , Sp (B) ⊆
[m,M] for some scalars m,M with m < M. If f is a convex function on [m,M] , then
f
( 〈Ax, x〉 + 〈By, y〉
2
)

∫ 1
0
f ((1 − t) 〈Ax, x〉 + t 〈By, y〉) dt

〈[∫ 1
0
f ((1 − t) A + t 〈By, y〉 1H) dt
]
x, x
〉
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 1
2
[〈f (A) x, x〉 + f (〈By, y〉)]
 1
2
[〈f (A) x, x〉 + 〈f (B) y, y〉] (2.20)
and
f
( 〈Ax, x〉 + 〈By, y〉
2
)

〈
f
(
A + 〈By, y〉 1H
2
)
x, x
〉

〈[∫ 1
0
f ((1 − t) A + t 〈By, y〉 1H) dt
]
x, x
〉
(2.21)
for each x, y ∈ H with ‖x‖ = ‖y‖ = 1.
Proof. For a convex function f and any u, v ∈ [m,M] and t ∈ [0, 1] we have the double inequality:
f
(
u + v
2
)
 1
2
[f ((1 − t) u + tv) + f (tu + (1 − t) v)]  1
2
[f (u) + f (v)] . (2.22)
Utilising the second inequality in (2.22) we have
1
2
[f ((1 − t) u + t 〈By, y〉) + f (tu + (1 − t) 〈By, y〉)]  1
2
[f (u) + f (〈By, y〉)] (2.23)
for any u ∈ [m,M], t ∈ [0, 1] and y ∈ H with ‖y‖ = 1.
Now, on applying the property (P) to the inequality (2.23) for the operator Awe have
1
2
[〈f ((1 − t) A + t 〈By, y〉) x, x〉 + 〈f (tA + (1 − t) 〈By, y〉) x, x〉]
 1
2
[〈f (A) x, x〉 + f (〈By, y〉)] (2.24)
for any t ∈ [0, 1] and x, y ∈ H with ‖x‖ = ‖y‖ = 1.
On applying the Mond–Pecˇaric´ inequality (MP) we also have
1
2
[f ((1 − t) 〈Ax, x〉 + t 〈By, y〉) + f (t 〈Ax, x〉 + (1 − t) 〈By, y〉)]
 1
2
[〈f ((1 − t) A + t 〈By, y〉 1H) x, x〉 + 〈f (tA + (1 − t) 〈By, y〉 1H) x, x〉] (2.25)
for any t ∈ [0, 1] and x, y ∈ H with ‖x‖ = ‖y‖ = 1.
Now, integrating over t on [0, 1] the inequalities (2.24) and (2.25) and taking into account that
∫ 1
0
〈f ((1 − t) A + t 〈By, y〉 1H) x, x〉 dt =
∫ 1
0
〈f (tA + (1 − t) 〈By, y〉 1H) x, x〉 dt
=
〈[∫ 1
0
f ((1 − t) A + t 〈By, y〉 1H) dt
]
x, x
〉
and ∫ 1
0
f ((1 − t) 〈Ax, x〉 + t 〈By, y〉) dt =
∫ 1
0
f (t 〈Ax, x〉 + (1 − t) 〈By, y〉) dt,
we obtain the second and the third inequality in (2.20).
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Further, on applying the Jensen integral inequality for the convex function f we also have
∫ 1
0
f ((1 − t) 〈Ax, x〉 + t 〈By, y〉) dt  f
(∫ 1
0
[(1 − t) 〈Ax, x〉 + t 〈By, y〉] dt
)
= f
( 〈Ax, x〉 + 〈By, y〉
2
)
for each x, y ∈ H with ‖x‖ = ‖y‖ = 1, proving the first part of (2.20).
Now, on utilising the first part of (2.22) we can also state that
f
(
u + 〈By, y〉
2
)
 1
2
[f ((1 − t) u + t 〈By, y〉) + f (tu + (1 − t) 〈By, y〉)] (2.26)
for any u ∈ [m,M], t ∈ [0, 1] and y ∈ H with ‖y‖ = 1.
Further, on applying the property (P) to the inequality (2.26) and for the operator Awe get〈
f
(
A + 〈By, y〉 1H
2
)
x, x
〉
 1
2
[〈f ((1 − t) A + t 〈By, y〉 1H) x, x〉 + 〈f (tA + (1 − t) 〈By, y〉 1H) x, x〉]
for each x, y ∈ H with ‖x‖ = ‖y‖ = 1, which, by integration over t in [0, 1] produces the second
inequality in (2.21). The first inequality is obvious. 
Remark 3. It is important to remark that, from the inequalities (2.20) and (2.21) we have the fol-
lowing Hermite–Hadamard’s type results in the operator order of B (H) and for the convex function
f : [m,M] → R
f
(
A + 〈By, y〉 1H
2
)

∫ 1
0
f ((1 − t) A + t 〈By, y〉 1H) dt
 1
2
[f (A) + f (〈By, y〉) 1H] (2.27)
for any y ∈ H with ‖y‖ = 1 and any selfadjoint operators A, B with spectra in [m,M] .
In particular, we have from (2.27)
f
(
A + 〈Ay, y〉 1H
2
)

∫ 1
0
f ((1 − t) A + t 〈Ay, y〉 1H) dt
 1
2
[f (A) + f (〈Ay, y〉) 1H] (2.28)
for any y ∈ H with ‖y‖ = 1 and
f
(
A + s1H
2
)

∫ 1
0
f ((1 − t) A + ts1H) dt  1
2
[f (A) + f (s) 1H] (2.29)
for any s ∈ [m,M] .
As a particular case of the above theorem we have the following refinement of the Mond–Pecˇaric´
inequality:
Corollary 3. Let A be a selfadjoint operator on the Hilbert space H and assume that Sp (A) ⊆ [m,M] for
some scalars m,M with m < M. If f is a convex function on [m,M] , then
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f (〈Ax, x〉)
〈
f
(
A + 〈Ax, x〉 1H
2
)
x, x
〉

〈[∫ 1
0
f ((1 − t) A + t 〈Ax, x〉 1H) dt
]
x, x
〉
 1
2
[〈f (A) x, x〉 + f (〈Ax, x〉)]  〈f (A) x, x〉 . (2.30)
Finally, the case of log-convex functions is as follows:
Corollary 4. If g is a log-convex function on [m,M] , then
g
( 〈Ax, x〉 + 〈By, y〉
2
)
 exp
[∫ 1
0
ln g ((1 − t) 〈Ax, x〉 + t 〈By, y〉) dt
]
 exp
〈[∫ 1
0
ln g ((1 − t) A + t 〈By, y〉 1H) dt
]
x, x
〉
 exp
[
1
2
[〈ln g (A) x, x〉 + ln g (〈By, y〉)]
]
 exp
[
1
2
[〈ln g (A) x, x〉 + 〈ln g (B) y, y〉]
]
(2.31)
and
g
( 〈Ax, x〉 + 〈By, y〉
2
)
 exp
〈
ln g
(
A + 〈By, y〉 1H
2
)
x, x
〉
 exp
〈[∫ 1
0
ln g ((1 − t) A + t 〈By, y〉 1H) dt
]
x, x
〉
(2.32)
and
g (〈Ax, x〉) exp
〈
ln g
(
A + 〈Ax, x〉 1H
2
)
x, x
〉
 exp
〈[∫ 1
0
ln g ((1 − t) A + t 〈Ax, x〉 1H) dt
]
x, x
〉
 exp
[
1
2
[〈ln g (A) x, x〉 + ln g (〈Ax, x〉)]
]
 exp 〈ln g (A) x, x〉 (2.33)
respectively, for each x ∈ H with ‖x‖ = 1 and A, B selfadjoint operators with spectra in [m,M] .
It is obvious that all the above inequalities can be applied for particular convex or log-convex
functions of interest. However, we will restrict ourselves to only a few examples that are connected
with famous results such as the Hölder–McCarthy inequality or the Ky Fan inequality.
3. Applications for Hölder–McCarthy’s inequality
We have the following important inequality in Operator Theory that is well known as the Hölder–
McCarthy inequality:
Theorem 6 [18]. Let A be a selfadjoint positive operator on a Hilbert space H. Then
(i) 〈Arx, x〉  〈Ax, x〉r for all r > 1 and x ∈ H with ‖x‖ = 1;
(ii) 〈Arx, x〉  〈Ax, x〉r for all 0 < r < 1 and x ∈ H with ‖x‖ = 1;
(iii) If A is invertible, then
〈
A−rx, x
〉  〈Ax, x〉−r for all r > 0 and x ∈ H with ‖x‖ = 1.
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We can improve the above result as follows:
Proposition 1. Let A be a selfadjoint positive operator on a Hilbert space H.
If r > 1, then
〈Ax, x〉r 
〈(
A + 〈Ax, x〉 1H
2
)r
x, x
〉

〈[∫ 1
0
((1 − t) A + t 〈Ax, x〉 1H)r dt
]
x, x
〉
 1
2
[〈
Arx, x
〉 + 〈Ax, x〉r]  〈Arx, x〉 (3.1)
for any x ∈ H with ‖x‖ = 1.
If 0 < r < 1, then the inequalities reverse in (3.1).
If A is invertible and r > 0, then
〈Ax, x〉−r 
〈(
A + 〈Ax, x〉 1H
2
)−r
x, x
〉

〈[∫ 1
0
((1 − t) A + t 〈Ax, x〉 1H)−r dt
]
x, x
〉
 1
2
[〈
A−rx, x
〉
+ 〈Ax, x〉−r
]

〈
A−rx, x
〉
(3.2)
for any x ∈ H with ‖x‖ = 1.
The proposition follows from the inequality (2.31) applied for the power function.
Since the function g (t) = t−r for r > 0 is log-convex, then by utilising the inequality (2.33) we
can improve the Hölder–McCarthy inequality as follows:
Proposition 2. Let A be a selfadjoint positive operator on a Hilbert space H. If A is invertible, then
〈Ax, x〉−r  exp
〈
ln
(
A + 〈Ax, x〉 1H
2
)−r
x, x
〉
 exp
〈[∫ 1
0
ln ((1 − t) A + t 〈Ax, x〉 1H)−r dt
]
x, x
〉
 exp
[
1
2
[〈
ln A−rx, x
〉
+ ln 〈Ax, x〉−r
]]
 exp
〈
ln A−rx, x
〉
(3.3)
for all r > 0 and x ∈ H with ‖x‖ = 1.
Now, from a different perspective, we can state the following operator power inequalities:
Proposition 3. Let A be a selfadjoint operator with Sp (A) ⊆ [m,M] ⊂ [0,∞), then
mr + Mr
2

〈
Ar + ((m + M) 1H − A)r
2
x, x
〉
 〈Ax, x〉
r + (m + M − 〈Ax, x〉)r
2

(
m + M
2
)r
(3.4)
for each x ∈ H with ‖x‖ = 1 and r > 1.
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If 0 < r < 1 then the inequalities reverse in (3.4).
If A is positive definite and r > 0, then
m−r + M−r
2

〈
A−r + ((m + M) 1H − A)−r
2
x, x
〉
 〈Ax, x〉
−r + (m + M − 〈Ax, x〉)−r
2

(
m + M
2
)−r
(3.5)
for each x ∈ H with ‖x‖ = 1.
The proof follows by the inequality (2.1).
Finally we have:
Proposition 4. Assume that A and B are selfadjoint operators with spectra in [m,M] ⊂ [0,∞) and x ∈ H
with ‖x‖ = 1 and such that 〈Ax, x〉 = 〈Bx, x〉 .
If r > 1 or r ∈ (∞,−1) ∪ (−1, 0) then we have
〈(
A + B
2
)
x, x
〉r
 1
r + 1 ·
〈Ax, x〉r+1 − 〈Bx, x〉r+1
〈Ax, x〉 − 〈Bx, x〉

〈[∫ 1
0
((1 − t) A + tB)r dt
]
x, x
〉

M −
〈
A+B
2
x, x
〉
M − m m
r +
〈
A+B
2
x, x
〉
− m
M − m M
r . (3.6)
If 0 < r < 1, then the inequalities reverse in (3.6).
If A and B are positive definite, then〈(
A + B
2
)
x, x
〉−1
 ln 〈Bx, x〉 − ln 〈Ax, x〉〈Bx, x〉 − 〈Ax, x〉

〈[∫ 1
0
((1 − t) A + tB)−1 dt
]
x, x
〉

M −
〈
A+B
2
x, x
〉
(M − m)m +
〈
A+B
2
x, x
〉
− m
(M − m)M . (3.7)
4. Applications for Ky Fan’s inequality
Consider the function g : (0, 1) → R, g (t) =
(
1−t
t
)r
, r > 0. Observe that for the new function
f : (0, 1) → R, f (t) = ln g (t) we have
f ′ (t) = −r
t (1 − t) and f
′′ (t) = 2r
(
1
2
− t
)
t2 (1 − t)2 for t ∈ (0, 1)
showing that the function g is log-convex on the interval
(
0, 1
2
)
.
If pi > 0 for i ∈ {1, . . ., n} with∑ni=1 pi = 1 and ti ∈ (0, 12
)
for i ∈ {1, . . ., n} , then by applying
the Jensen inequality for the convex function f (with r = 1) on the interval
(
0, 1
2
)
we get
∑n
i=1 piti
1 − ∑ni=1 piti 
n∏
i=1
(
ti
1 − ti
)pi
, (4.1)
which is the weighted version of the celebrated Ky Fan’s inequality, see [3, p. 3,4,5].
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This inequality is equivalent with
n∏
i=1
(
1 − ti
ti
)pi
 1 −
∑n
i=1 piti∑n
i=1 piti
,
where pi > 0 for i ∈ {1, . . ., n} with∑ni=1 pi = 1 and ti ∈ (0, 12
)
for i ∈ {1, . . ., n} .
By the weighted arithmetic mean - geometric mean inequality we also have that
n∑
i=1
pi (1 − ti) t−1i 
n∏
i=1
(
1 − ti
ti
)pi
giving the double inequality
n∑
i=1
pi (1 − ti) t−1i 
n∏
i=1
(
(1 − ti) t−1i
)pi  n∑
i=1
pi (1 − ti)
⎛
⎝ n∑
i=1
piti
⎞
⎠−1 . (4.2)
Proposition 5. Let A be a selfadjoint positive operator on a Hilbert space H. If A is invertible and Sp (A) ⊂(
0, 1
2
)
, then
(
〈(1H − A) x, x〉 〈Ax, x〉−1
)r
 exp
〈
ln
(
[1H − A + 〈(1H − A) x, x〉 1H] (A + 〈Ax, x〉 1H)−1
)r
x, x
〉

〈
exp
[∫ 1
0
[ln ((1 − t) (1H − A) + t 〈(1H − A) x, x〉 1H)
× ((1 − t) A + t 〈Ax, x〉 1H)−1
]r
dt
]
x, x
〉
 exp
[
1
2
[〈
ln
[
(1H − A) A−1
]r
x, x
〉
+ ln
(
〈(1H − A) x, x〉 〈Ax, x〉−1
)r]]
 exp
〈
ln
[
(1H − A) A−1
]r
x, x
〉
(4.3)
for any x ∈ H with ‖x‖ = 1.
It follows from the inequality (2.33) applied for the log-convex function g : (0, 1) → R, g (t) =(
1−t
t
)r
, r > 0.
Proposition 6. Assume that A is a selfadjoint operator with Sp (A) ⊂
(
0, 1
2
)
and s ∈
(
0, 1
2
)
. Then we
have the following inequality in the operator order of B (H):
ln
[
[(2 − s) 1H − A] (A + s1H)−1
]

∫ 1
0
ln
(
[(1 − ts) 1H − (1 − t) A] ((1 − t) A + ts1H)−1
)
dt
 1
2
(
ln
[
(1H − A) A−1
]r + ln(1 − s
s
)r
1H
)
. (4.4)
If follows from the inequality (2.29) applied for the log-convex function g : (0, 1) → R, g (t) =(
1−t
t
)r
, r > 0.
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